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Current theoretical description of field-induced electron emission remains mostly bounded by the
classic Fowler-Nordheim (FN) framework developed nearly one century ago. For the emerging class
of two-dimensional (2D) materials, many basic assumptions of FN model become invalid due to their
reduced dimensionality and exotic electronic properties. In this work, we develop analytical and
semi-analytical models of field-induced vertical electron emission from the surface of 2D materials
by explicitly taking into account the reduced dimensionality, non-parabolic energy spectrum, non-
conserving in-plane electron momentum, finite-temperature and space-charge-limited effects. We
show that the traditional FN law is no longer valid for 2D materials. The modified vertical field
emission model developed here provides better agreement with experimental results. Intriguingly, a
new high-field regime of saturated surface field emission emerges due to the reduced dimensionality
of 2D materials. A remarkable consequence of this saturated field emission effect is the absence of
space-charge-limited current normally expected at high field in three-dimensional bulk material.
I. INTRODUCTION
The formulation of electron emission theory based
on Sommerfeld’s free electron model of metals1 repre-
sent one of the earliest successes of quantum mechan-
ics in solid state physics2. The thermionic emission
(TE) of hot electrons above the surface potential bar-
rier and the sub-barrier quantum mechanical tunnelling
of cold electron via field emission (FE) are governed, re-
spectively, by the Richardson-Dushman (RD)3 and the
Fowler-Nordheim (FN) laws4,
JRD = ARDT
2 exp
[
− ΦB
kBT
]
, (1a)
JFN = AFNF 2 exp
[
−BFN Φ
3/2
B
F
]
, (1b)
where ΦB , T , F , ARD, AFN and BFN are the work
function, temperature, electric field strength, Richard-
son constant, the first and the second FN constants,
respectively5.
The RD and the FN laws follow a remarkable symme-
try – both are composed of a material-dependent pre-
factor multiplied by a universal exponential factor of
exp(−ΦB/kBT ) for TE and exp(−BFNΦ3/2B /kBT ) for
FE. The exponential terms provide tell-tale signatures
of the underlying emission mechanism since the J -T
and the J -F characteristics are almost exclusively deter-
mined by temperature and electric field. Thus, Eq. (1)
is extraordinarily versatile and can be nearly universally
applied to analyse the electron emission characteristics
for a wide range of materials by using the Arrhenius plot :
ln(J /T 2) versus 1/T for TE or the FN plot : ln(J /F 2)
versus 1/F for FE. Nonetheless, much of the material-
dependent physics contained in the pre-factor remains
obscured in the experimental data when analysed using
Eq. (1). This poses a potential danger of misinterpret-
ing the emission physics in unconventional materials es-
pecially when their physical properties do not permit the
use of Eq. (1).
Although the classic RD and FN models for bulk mate-
rials have been continually refined over past decades6–23,
their validity for the emerging class of two-dimensional
(2D) materials have been questioned recently24–30. Based
on a continuum emission picture, Liang and Ang have
shown that graphene thermionic emitter exhibits uncon-
ventional T 3 scaling in the pre-factor24,30. The Liang-
Ang continuum model is generalized to the case of
narrow-gap semiconductor and few-layer graphene by
Ang and Ang25. To model the charge transport across a
graphene-based Schottky contact, Sinha and Lee adopted
an alternative ‘time’-constant-based TE model26, which
contains a polynomial pre-factor of T 2(1+ΦB/kBT ) and
an empirical ‘time’-like parameter, τ , in the emission cur-
rent density. Albeit the very different underlying physi-
cal pictures, both Liang-Ang and Sinha-Lee TE models
agree reasonably well with experiments26,27,31.
Despite significant progress in the theoretical devel-
opment of TE, cold electron FE theory remains rel-
atively less-explored32. For traditional bulk material,
FE does not sensitively rely on the direction of emis-
sion for materials with isotropic energy dispersion [Fig.
1(a)]. In contrast, the thin-film nature of 2D materi-
als breaks the symmetry of emission configuration and
leads to two distinct subtypes: (i) edge field emission
(EFE) where electrons are emitted along the 2D plane;
and (ii) surface field emission (SFE) where electrons are
emitted normally from the 2D-plane [see Fig. 1(b)]. In
EFE33–40, the electrons has a continuous in-plane en-
ergy dispersion component along the emission direction
while in SFE, the electron dynamics along the emission
direction is quantized due to the quantum confinement
by surface potential41,42. Nonetheless, the traditional
FN law is employed in the vast majority of graphene
FE experiments33–36,43–56 albeit the fact that the un-
derlying FE mechanism in 2D material differs signifi-
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FIG. 1. Electron emission from (a) three-dimensional bulk; and (b) two-dimensional plane. For emission from 2D plane, two
emission configurations are possible, i.e. edge field emission (EFE) and surface field emission (SFE). (c) Model of electrons in
2D material as a quantum square well. The terms ε˜⊥, L0, ΦB and E0 denotes the bound state energy measured with respect to
well bottom, quantum well width, surface potential barrier and quantum well depth, respectively. (d) Two field emission path
ways in 2D materials: (F1) non-conserving lateral momentum (NCLM) field emission and (F2) conserving lateral momentum
(CLM) field emission.
cantly from the bulk counterpart. Modified EFE the-
ory based on a 2D emitter model is proposed57 and veri-
fied experimentally58 to exhibit an unconventional F 3/2-
scaling in the prefactor. Such EFE model is further re-
fined by Wang et al to include the geometrical edge effect
and the relativistic energy dispersion of graphene59.
Thus far, the physical model underlying SFE from
2D materials remains incomplete. In this work, we
develop analytical and semi-analytical models of field-
induced vertical electron emission from the surface of
2D materials by explicitly taking into account their re-
duced dimensionality, non-parabolic energy spectrum,
non-conservation of lateral momentum (i.e. momentum
component lying in the plane of 2D material), finite-
temperature and space-charge-limited effects. Our model
exhibits a significant departure from the traditional FN
law, thus signaling the breaks down of FN paradigm in
2D materials. From our model, an unconventional J -F
scaling relation is found, i.e.
J2D ∝ exp
(
−BFN Φ
3/2
B
F
)
. (2)
Here, the pre-factor is F -independent, rather than the
F 2-dependence in the traditional FN law [see Eq. (1b)].
Correspondingly, the FN-plot is modified as: ln (J ) ver-
sus 1/F , which is shown to provide a better agreement
with experimental data (see Fig. 4 below). Intriguingly,
the reduced dimensionality of 2D materials bestows a new
regime of saturated surface field emission at high electric
field.
For FE from 3D bulk materials, when its current den-
sity is sufficiently large, the built-up of space charge
in the vacuum gap can lead to a transition from field-
induced quantum mechanical tunneling to space-charge-
limited (SCL) flow60–64, where the latter is governed by
the Child-Langmuir (CL) law65. The solid-state counter
part of SCL effect in 2D Dirac semiconductor has been
recently reported to exhibit an unconventional current-
voltage scaling relation66. For 2D material field emitter,
the following questions arise: can the emission current
from 2D materials evolve from field emission to semi-
classical SCL flow? Thus far, this question has not been
studied both theoretically or experimentally yet. Here we
address this question by constructing a general emission
model – covering both FE and SCL regimes – through the
combination of 2D material FE models and 1D Poisson
equation61. We show that the dimensionality-induced
saturated emission results in a remarkable consequence:
3the space-charge-limited flow of electrons can be fully
eliminated in 2D-material-based surface field emitter at
nanometer and micrometer scales with practical range of
applied voltage.
The saturated FE and the peculiar absence of space-
charge effect shall have profound impacts on the char-
acterization and design of 2D-material-based field emit-
ter and vacuum nanoelectronics. Furthermore, as field-
induced vertical electron emission from the 2D pla-
nar surface represents one of the central transport
mechanisms in solid-state 2D-material-based electrical
contact67–70, the models developed here shall provide a
theoretical basis in the analysis of charge transport phe-
nomena in such interfaces.
II. OVERVIEW OF ELECTRON EMISSION
FORMALISM: FROM BULK TO 2D MATERIALS
A. Electron emission from bulk material
The general form of the electrical current density can
be written as
J =
1
V
∑
k
v(k)T (k)f(k), (3)
where k, v(k), T (k), f(k) and V are wavevector, carrier
group velocity, transmission probabilities, carrier distri-
bution function and total volume of the emission system,
respectively. We partition the emitted electron energy
and wavevector as followed:
ε (k) = ε‖
(
k‖
)
+ ε⊥ (k⊥)
k = k‖ + k⊥, (4)
where ε‖ (ε⊥) is the energy component transversal to
(along) the emission direction, and k‖ (k⊥) is the
wavevector component transversal to (along) the emis-
sion direction [see Fig. 1(b)]. For a three-dimensional
(3D) bulk material, the emission current density can be
written as
Jbulk =
egs,v
(2pi)3
∫
dk‖
∫ ∞
0
dk⊥v(k⊥)T (k⊥)f(k)
=
e
2pi~
∫ ∞
0
D(ε‖)dε‖
∫ ∞
0
T (ε⊥)f(ε)dε⊥, (5)
where the density of states (DOS) in the plane lateral to
the emission direction is defined as D(ε‖) = gs,vk‖dk‖/2pi
for an isotropic lateral energy dispersion and gs,v is the
spin-valley degeneracy. In obtaining Eq. (5), we have
taken the continuum limit of V−1∑k → (2pi)−1 ∫ d3k
and re-written the group velocity along the emission di-
rection as v(k⊥) = ~−1dε⊥/dk⊥. For TE, the transmis-
sion probabilities are set to unity for ε⊥ > ΦB and the
carrier distribution function is approximated by semiclas-
sical distribution,
T (ε⊥) = Θ(ε⊥ − ΦB),
f(ε) = exp
(
−ε− εF
kBT
)
. (6)
For FE, the zero-temperature Fermi-Dirac distribution
is employed and the transmission probabilities is calcu-
lated via the Wentzel-Kramers-Brillouin (WKB) approx-
imation for triangular barrier, i.e.
T (ε⊥) = DF exp
(
ε⊥ − εF
dF
)
,
f(ε) = Θ (εF − ε) , (7)
where DF ≡ exp (−2ΦB/3dF ), dF ≡ e~F/2
√
2mΦB , m
is the electron mass in free-space, F is the electric field
strength and BFN = 4
√
2m/3e~5. By combining Eqs.
(5–7), we obtain the traditional RD and FN relations in
Eq. (1). Note that in taking the transmission probability
in the form of T (ε⊥), it is implied that the lateral energy
component, ε‖, does not contribute to the ⊥-directional
tunneling, i.e. the lateral momentum component, k‖, is
strictly conserved. Thus, the classic RD and FN laws be-
long to the class of conversing lateral momentum (CLM)
emission theories. As we shall see below, CLM can be
relaxed in 2D materials and this leads to distinctive elec-
tron emission characteristics.
B. Electron emission from the surface of 2D
material
The traditional FN law [see Eq. (1b) above] is derived
based on the following assumptions: (i) in order to cal-
culate the emission current density, both ε‖ and ε⊥ are
required to be continuously integrable; (ii) the ε‖ is as-
sumed to be parabolic in k‖; (iii) due to CLM, the trans-
mission probability is a function of ε⊥ only, i.e. T (ε⊥);
and (iv) the condition of εF  dF for metallic bulk field
emitter.
For 2D materials, all of the above assumptions become
invalid. Firstly, due to the lack of crystal periodicity
along the ⊥-direction, ε⊥ does not follow a continuous
dispersion relation. Instead, the cross-plane dynamics is
described by discrete bound state energy levels as the
electrons are confined by the surface potential73 [see Fig.
1(c)]. In this case, the energy and wavevector partition
rule in Eq. (4) should be replaced by:
ε (k) = ε‖
(
k‖
)
+ ε˜⊥(k˜⊥),
k = k‖ + k˜⊥, (8)
where ε˜⊥ and k˜⊥ denotes the discrete bound state energy
and the quantized ⊥-directional wavevector, respectively.
Secondly, the in-plane energy dispersion, ε‖, is non-
parabolic in k‖ for many 2D materials such as graphene
and few-layer transition metal dichalcogenide (TMD).
Thirdly, for the out-of-plane tunnelling of 2D electron
4gas into 3D bulk material, the inevitable presence of
electron-electron and electron-impurity scatterings leads
to a non-conserving lateral momentum (NCLM) during
the tunneling process74. Such NCLM emission mecha-
nism has been previously proposed as a route of enhanc-
ing thermionic cooling efficiency in semiconductor-based
superlattice75–78. Recently, NCLM has been experimen-
tally observed in the cross-plane interfacial charge trans-
port TMD-based van der Waals heterostructure79. Un-
der the NCLM framework, the transmission probability
is modified into a function of total energy, ε, instead of
ε⊥, i.e. T (ε⊥)→ T (ε) and its WKB form is written as74
T (ε) = λ exp
[
−2
~
∫
dz
√
2m (V (z)− ε)
]
, (9)
where λ is a parameter describing the strength of NCLM
scattering processes, V (z) is a z-dependent potential bar-
rier and the emission occurs along the z-direction. The
actual value of λ varies depending on the quality of field
emitter such as impurities and structural defects80. Fur-
thermore, the substrates can also affect λ via the di-
electric screening effect81–83. Therefore, the magnitude
of the SFE current in 2D material field emitter is ex-
pected to vary significantly in samples of different qual-
ities and/or substrate configurations. Using the exper-
imental data of graphene-based Schottky contact26, we
estimate λ = 10−4 for graphene electron emitter and this
value is used throughout the following discussions (see
Sec. V.A below for detailed discussion). Lastly, the as-
sumption of εF  dF is no longer warranted for zero-gap
2D materials such as graphene in which the εF can be
electrostatically tuned from 0 to 0.9 eV84, thus allowing
the condition of εF ≈ dF or even εF  dF .
The emission current density in 2D materials can be
constructed by replacing the continuous ε⊥-integral in
Eq. (5) with a summation of all i quantized bound states
(i = 1, 2, 3 · · · ), denoted as ε⊥,i, below the surface poten-
tial, i.e.
J (C)2D =
e
L⊥
∑
i
v⊥(ε⊥,i)T (ε⊥,i)
×
∫ ∞
0
D(ε‖)dε‖f(ε‖ + ε⊥,i), (10)
J (NC)2D =
e
L⊥
∑
i
v⊥(ε⊥,i)
×
∫ ∞
0
D(ε‖)dε‖T (ε‖ + ε⊥,i)f(ε‖ + ε⊥,i),
(11)
where the superscript (C) and (NC) denotes CLM and
NCLM models, respectively. The term v⊥(ε˜⊥,i) =√
2ε˜⊥,i/m is the cross-plane velocity. In Eqs. (10) and
(11), the 2D material thickness, L⊥ ≈ 0.335 nm for
graphene, arises from the discrete summation L−1⊥
∑
k⊥
[see Eq. (3)]. For single layer graphene, the energy differ-
ence between the Dirac point and the vacuum level is re-
ported as ΦB0 ≈ 4.5 eV85–87 (Note that ΦB = ΦB0 +εF ).
We thus assume that the SFE process is chiefly con-
tributed by only one bound state level lying at 4.5 eV
below the vacuum level. This bound state energy, de-
noted as ε⊥,1 ≡ ε˜⊥, is numerically solved from the time-
independent Schro¨dinger’s equation using a finite square
well model proposed by Vega and de Abajo73 [see Fig.
1(c)]. By matching the wavefunction maxima of the 2pz
orbital of graphene and fitting the bound state energy
to ΦB0 = 4.5 below the vacuum level, the quantum well
width, L0, is numerically calculated to be 0.12 nm
88 and
the quantum well depth is E0 = 42.8 eV, which yields the
bound state energy of ε˜⊥ = E0−ΦB0 = 38.3 eV [see Fig.
1(c) for energy band diagram]. We set this value of ε˜⊥ as
the zero-reference of total energy, i.e ε˜⊥ + ε‖ → ε‖ thus
allowing the emission current density to be simplified as
J (C)2D =
ev⊥(ε˜⊥)T (ε˜⊥)
L⊥
∫ ∞
0
D(ε‖)dε‖f(ε‖), (12a)
J (NC)2D =
ev⊥(ε˜⊥)
L⊥
∫ ∞
0
D(ε‖)dε‖T (ε‖)f(ε‖). (12b)
A key difference between CLM and NCLM models is that
for J (C)2D , the T (ε˜⊥) can be factored out from the ε‖-
integral since it is a function of solely ε˜⊥ while for J (NC)2D ,
the T (ε‖) remains implicit to the ε‖-integral [Fig. 1(d)].
III. THEORY OF SURFACE FIELD EMISSION
FROM 2D MATERIALS
A. Lateral energy dispersion and density of states
in 2D materials
In the following, Eqs. (12b) and (12a) are solved
for two major classes of ε‖, namely the non-relativistic
(a) (b)
𝑘∥
𝜀∥
𝐷(𝜀∥)
𝜀∥
𝐷(𝜀∥)
𝜀∥
FIG. 2. The energy dispersion and the lateral DOS of (a)
ε‖ ∝ k‖ in monolayer graphene and (b) ε‖ ∝ k2‖ in bilayer
graphene.
5parabolic energy dispersion of ε‖ = ~2k2‖/2m
∗ and the
linear gapless Dirac energy dispersion of ε‖ = ~vF k‖.
The k‖-linear energy dispersion describes the low energy
electrons residing at theK andK ′ Dirac cone of graphene
monolayer89. For Bernal-stacked bilayer graphene, the
effective low energy dispersion around the K and K ′
points follows the k‖-parabolic energy dispersion90. The
lateral DOS can be obtained as
D2DEG(ε‖) =
gs,vm
∗
2pi~2
, (13a)
DDirac(ε‖) =
gs,vε‖
2pi~2v2F
, (13b)
respectively, for parabolic and linear dispersion of ε‖.
Here, vF ≈ 106 m/s is the Fermi velocity in monolayer
graphene89 and m∗ ≈ 0.03m91 is the electron effective
mass in Bernal-stacked bilayer graphene91. The linear
and parabolic form of ε‖ and D(ε‖) are shown in Fig. 2.
For few-layer black phosphorus field emitter92, the
lateral energy dispersion near the conduction band
edge can be approximated by an anisotropic-parabolic
spectrum93,94, i.e. ε‖(kx, ky) ≈ ~2k2x/2m∗cx + ~2k2y/2m∗cy,
where k‖ = (kx, ky), and m∗cx,cy is the conduction
band electron effective mass in x- and y-directions, re-
spectively. The lateral DOS follows the same form as
the isotropic parabolic lateral DOS in Eq. (13), i.e.
DBP(ε‖) = gsmd/2pi~2, where md ≡
√
m∗cxm∗cy is the
DOS electron effective mass and gs is the spin degener-
acy. Thus, the FE models developed below can be readily
generalized for few-layer black phosphorus field emitter
by substituting m∗ → md and gs,v → gs.
B. 2D material field emission with conserving
lateral momentum (CLM)
For SFE from 2D material with CLM, the
WKB transmission probability is given as
T (ε˜⊥) = DF exp [(ε˜⊥ − εF ) /dF ], where DF is de-
fined in Eq. (7). By setting ε˜⊥ as the zero-reference of
εF , i.e. (εF + ε˜⊥) → εF and employing the T = 0 K
condition, Eq. (12a) can be solved as
J (C)2DEG =
v⊥(ε˜⊥)
L⊥
gs,vem
∗
2pi~2
εFDF exp
(
− εF
dF
)
, (14a)
J (C)Dirac =
v⊥(ε˜⊥)
L⊥
gs,ve
2pi~2v2F
ε2F
2
DF exp
(
− εF
dF
)
, (14b)
respectively, for 2DEG and Dirac energy dispersions. Al-
though both traditional FN law for bulk material and the
modified FE model for 2D material in Eq. (14b) belong
to the same CLM models, their pre-factor exhibits con-
trasting F -dependence – the pre-factor in Eq. (14b) is
F -independent rather than the F 2-dependence as in the
case of traditional FN law for 3D bulk material. Accord-
ingly, the FN-plot is modified to
ln
(
J (C)2DEG
)
∝ − 1
F
(15a)
ln
(
J (C)Dirac
)
∝ − 1
F
(15b)
This is in stark contrast to the traditional FN-plot of
ln(J /F 2) ∝ −1/F . Furthermore, the FE current density
exhibits a Fermi level scaling of J (C)2DEG ∝ εF and J (C)Dirac ∝
ε2F . The FE current density vanishes as εF → 0 due to
the depletion of electrons.
It is important to point out the following: due to the
absence of F -dependence in the pre-factor, the surface
field emission current density from 2D material will sat-
urate at high-field limit of dF  εF when both DF and
exp(−εF /dF ) approaches unity. In this case, the satu-
rated field emission current density is
J (C)2DEG? =
v⊥(ε˜⊥)
L⊥
gs,vem
∗
2pi~2
εF (16a)
J (C)Dirac? =
v⊥(ε˜⊥)
L⊥
gs,ve
2pi~2
ε2F
2v2F
(16b)
where the subscript ‘?’ denotes saturated emission. The
F -independent pre-factor in Eq. (14b) arises from the
absence of ε⊥-integral in the formulation of 2D material
current density [see Eq. (12)]. Thus, this saturated sur-
face field emission represents a direct consequence of the
reduced dimensionality which can be used to probe the
2D nature of 2D-material-based field emitter.
C. 2D material field emission with non-conserving
lateral momentum (NCLM)
In the case of NCLM, the WKB transmission prob-
ability across a triangular surface can be written as a
function of total energy74, i.e. T (ε) = λDF exp
(
ε−εF
dF
)
.
At T = 0 K, Eq.(12b) can be analytically solved as
J (NC)2DEG = λ
v⊥(ε˜⊥)
L⊥
gs,vm
∗e
2pi~2
×DF
[
1− exp
(
− εF
dF
)]
dF , (17a)
J (NC)Dirac = λ
v⊥(ε˜⊥)
L⊥
gs,ve
2pi~2v2F
×DF
[
εF
dF
+ exp
(
− εF
dF
)
− 1
]
d2F . (17b)
In the low-field regime of dF  εF (dF ∝ F ), Eq. (17)
reduces to
J (NC)2DEG(dF  εF ) = λ
v⊥(ε˜⊥)
L⊥
gs,vem
∗
2pi~2
×DF dF exp
(
− εF
dF
)
, (18a)
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FIG. 3. Field-induced surface electron emission current density characteristics for 2D material with parabolic and linear lateral
energy dispersion. (a) J -F characteristics. (b) Traditional FN plots, ln(J /F 2) versus 1/F ; (c) εF -dependence of J . In (a)
and (b), the Fermi level is εF = 0.1 eV. Note that the following material-dependent parameters are used throughout the
manuscript: vF = 10
6 m/s, m∗ = 0.03m, L⊥ = (0.335, 0.670) nm respectively for linear (single layer) and parabolic (bilayer
graphene) lateral energy dispersion, ε˜⊥ = 38.3 eV, gs,v = 4, λ = 10−4 and ΦB ≡ ΦB0 + εF where ΦB0 = 4.5 eV.
J (NC)Dirac (dF  εF ) = λ
v⊥(ε˜⊥)
L⊥
gs,vem
∗
2pi~2
×εF
v2F
DF dF exp
(
− εF
dF
)
, (18b)
where the pre-factor is linear in F for both 2DEG and
Dirac dispersions. Correspondingly, the FN-plot for
NCLM model at low-field regime is modified as
ln
[
J (NC)2DEG(dF  εF )
F
]
∝ − 1
F
, (19a)
ln
[
J (NC)Dirac (dF  εF )
F
]
∝ − 1
F
. (19b)
In the high-field regime of dF  εF , the FE current
density becomes equivalent to Eq. (14b) apart from an
additional factor of λ,
J (NC)2DEG(dF  εF ) = λJ (C)2DEG(dF  εF ), (20a)
J (NC)Dirac (dF  εF ) = λJ (C)Dirac(dF  εF ), (20b)
The modified FN-plot for NCLM model thus follow the
same relation as Eq. (15) at high-field regime. At the
limit of very high applied electric field strength, the FE
current densities for CLM and NCLM converge to the
same saturated value given by
J (NC)2DEG? = λJ (C)2DEG? (21a)
J (NC)Dirac? = λJ (C)Dirac? (21b)
The modified FN-plot in Eq. (15) and the saturated
emission current densities in Eqs. (16) and (21) are
universal high-field features for both CLM and NCLM
models. The convergence of NCLM into CLM mod-
els at dF  εF can be explained as follow. When
dF is sufficiently large, the electrons contributing to FE
has a relatively small lateral energy component, ε‖, in
comparison with dF . In this case, the NCLM trans-
mission probability becomes nearly ε‖-independent, i.e.
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FIG. 4. Modified FN-plot, ln(J ) vs. 1/V , of surface field
emission from suspended graphene (experimental data from
Ref.36. Inset shows the field enhancement factor, bF , ex-
tracted using Eq. (22) with ΦB0 = 4.5 eV.
T (ε˜⊥+ ε‖) ≈ T (ε˜⊥). As a result, the NCLM model [Eq.
(17)] converges to the CLM model [Eq. (14b)].
D. Field emission characteristics of CLM and
NCLM models and comparison with experiment
In Figs. 3(a) and (b), the FE characteristics of CLM
and NCLM models are shown with εF = 0.1 eV. In Fig.
3(a), the required electric field strength to achieve 0.01
A/cm2 of emission current density is typically F ≈ 2.5
V/nm and F ≈ 4 V/nm, respectively, for CLM and
NCLM models. At high-field regime, the emission cur-
rent densities gradually saturate. For graphene, the
saturated emission current density is in the order of
∼ 104 A/cm2 and ∼ 108 A/cm2, respectively, for NCLM
and CLM models, which is well below the breakdown
current density experimentally determined in suspended
graphene, i.e. Jbreak > 1012 A/cm295. Hence, single
layer graphene may serve as a feasible platform to exper-
imentally probe the saturated field emission effect. The
traditional FN plot is shown in Fig. 3(b). Due to the
strong dominance of the exponential term, DF , the FN
plots can still be fitted by straight lines although the pre-
factor of the revised FE model has a completely differ-
ent F -dependence in comparison with the traditional FN
model. In Fig. 3(c), the εF -dependence of the emission
current density is plotted with F = 4 V/nm. The FE
current densities increase monotonously as εF increases.
At low εF , we have J2DEG > JDirac. The opposite case
of JDirac > J2DEG is obtained at εF & 0.1 eV. This cross-
over occurs since JDirac is approximately one order of εF
higher than J2DEG for both CLM and NCLM models [see
Eqs. (14b) and (17)].
In Fig. 4, the high-field segments of the graphene SFE
experimental data reported in Ref.36 is analysed using
the proposed modified FN-plot in Eq. (15). Both mod-
ified FN-plot and the traditional FN plot produce rea-
sonably good linear fit. Nonetheless, the coefficient of
determination (COD), which quantifies the goodness of
a linear fit (COD = 1 represents perfect straight line), is
consistently improved for both sets of experimental data
when fitted using the modified FN plot – the CODs are
improved from 0.813 to 0.866 (Data set A in Fig. 4) and
from 0.927 to 0.934 (Data set B in Fig. 4).
The field enhancement factor, bF , can be extracted
from the modified FN-plot via
bF = D
BFN (ΦB0 − εF )3/2
(
1 + 32
εF
ΦB0−εF
)
M , (22)
where ΦB0 is the energy difference between Dirac point
(conduction band bottom) and vacuum level for linear
(parabolic) lateral energy dispersion. M is the slope ex-
tracted from the modified FN-plot. Here, we have as-
sumed a simple field enhancement of F = bFV/D where
D is the anode-cathode separation and V is the applied
voltage. Since the value of εF is not known, the extracted
bF is plotted in the inset of Fig. 4 for a range of ΦB0−εF .
For both sets of FE experimental data, bF = 20 ∼ 60 is
extracted. This low magnitude of field enhancement fac-
tor is consistent with the fact that sharp tips and edges
are absent in graphene SFE configuration.
E. Finite-temperature surface field emission from
2D materials
We now generalized the SFE models for T > 0 K.
Because ΦB  kBT at T = 300 K, we can safely neglect
the TE effect. The finite-temperature CLM model of
field emission from 2D materials can be straightforwardly
solved as,
J (C)2DEG(T ) =
ev⊥(ε˜⊥)
L⊥
gs,vem
∗
2pi~2
kBT ln
[
exp
(
− εF
kBT
)
+ 1
]
DF exp
(
− εF
dF
)
, (23a)
J (C)Dirac(T ) =
ev⊥(ε˜⊥)
L⊥
gs,ve
2pi~2v2F
(kBT )
2 F1
(
εF
kBT
)
DF exp
(
− εF
dF
)
, (23b)
8where F1(x) =
∫∞
0
dt [exp(t− x) + 1]−1 is the first-order complete Fermi-Dirac integral96. For NCLM model, the
finite-temperature model can be semi-analytically expressed in terms of generalized hypergeometric function96, pFq(z)
where p and q are positive integers. We obtain,
J (NC)2DEG(T ) =
ev⊥(ε˜⊥)
L⊥
gs,vem
∗
2pi~2
DF dF
2∑
i=1
fi(γ, εf , dF ), (24a)
J (NC)Dirac (T ) =
ev⊥(ε˜⊥)
L⊥
gs,ve
2pi~2v2F
DF d
2
F
3∑
i=1
gi(γ, εf , dF ), (24b)
where γ ≡ kBT/dF . Note that in deriving Eq. (24a), we have set the upper limit of ε‖-integral to 2ΦB/3 to exclude
the over-barrier thermionic emission. The terms fi and gi are given as functions of pFq(z):
f1(β, εf , dF ) = exp
(
2ΦB/3− εF
dF
)
2F1
(
1, γ, 1 + γ,−e
2ΦB/3−εF
kBT
)
,
f2(β, εf , dF ) = − exp
(
− εF
dF
)
2F1
(
1, γ, 1 + γ,−e
εF
kBT
)
,
g1(γ, εf , dF ) =
2ΦB
3dF
exp
(
2ΦB/3− εF
dF
)
2F1
(
1, γ, 1 + γ,−e
2ΦB/3−εF
kBT
)
,
g2(γ, εf , dF ) = − exp
(
2ΦB/3− εF
dF
)
3F2
(
{1, γ, γ}, {1 + γ, 1 + γ},−e
2ΦB/3−εF
kBT
)
,
g3(γ, εf , dF ) = exp
(
− εF
dF
)
3F2
(
{1, γ, γ}, {1 + γ, 1 + γ},−e−
εF
kBT
)
. (25)
The temperature dependence of the NCLM model is
not immediately obvious from the semi-analytical forms
in Eqs. (24a) and (24b). To obtain simple analytical
approximation of the T > 0 NCLM model, we employ
the Sommerfeld expansion97 which is well-suited for the
case of kBT  εF and T 6= 0. The finite tempera-
ture Sommerfeld correction to J (NC), i.e. ∆J (NC)(T ) ≡
J (NC)(T )− J (NC)(T = 0), are
∆J
(NC)
2DEG(T ) = λ
gs,vm
∗e
2pi~2
(pikBT )
2
6
1
dF
, (26a)
∆J (NC)Dirac (T ) = λ
gs,ve
2pi~2v2F
(pikBT )
2
6
εF
dF
. (26b)
In Fig. 5, we plot the thermal-enhancement ratio, defined
as
Λ(T ) ≡ J (T )J (T = 0) , (27)
with F = 1 V/nm (main plots) and with F = 10 V/nm
(insets). For both CLM and NCLM models, the thermal-
enhancement of emission current is only profound at low-
field regime. In Fig. 5(a), the numerical and semi-
analytical results of Λ
(C)
2DEG and Λ
(C)
Dirac of CLM models
are plotted. At F = 1 V/nm, the room-temperature
J (C)Dirac(T ) is thermally-enhanced by ∼ 80% with respect
to J (C)Dirac(T = 0) [Fig. 5(a)]. This is in stark contrast
to the modest thermal-enhancement of ∼ 6% at F = 10
V/nm [inset of Fig 5(a)]. For parabolic energy dispersion,
the thermal-enhancement of J (C)2DEG is less dramatic, i.e.
< 10% enhancement at F = 1 V/nm and a nearly ab-
sence of thermal-enhancement at F = 10 V/nm. The
Λ
(NC)
2DEG and Λ
(NC)
Dirac of NCLM models are shown, respec-
tively, in Figs. 5(b) and (c). The J (NC)2DEG exhibit a
similar thermal-enhancement of ∼80% at F = 1 V/nm
[Fig. 5(b)], but is suppressed to only ∼ 1.5% at F = 10
V/nm [inset Fig. 5(b)]. For J (NC)Dirac , a dramatic thermal-
enhancement of ∼ 250% at room temperature is obtained
with F = 1 V/nm [Fig. 5(c)] and is reduced to < 10%
at F = 10 V/nm [inset of Fig. 5(c)].
The room-temperature (T = 300 K) FE current densi-
ties can be ranked, respectively for F = 1 V/nm and for
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FIG. 5. Thermal-enhancement of field emission current den-
sity at T > 0 K. (a) CLM model; (b) NCLM model with
parabolic energy dispersion; and (c) NCLM model with lin-
ear energy dispersion. The main plots are calculated with
F = 1V/nm. The insets show the Λ’s with F = 10 V/nm.
(Note that the semi-analytical results is evaluated for T > 50
K due to the much reduced accuracy of the numerically-
generated hypergeometric function at small T .)
F = 10 V/nm, as
Λ
(NC)
Dirac > Λ
(C)
2DEG ≈ Λ(NC)2DEG > Λ(C)Dirac, (28a)
Λ
(NC)
Dirac > Λ
(C)
2DEG > Λ
(NC)
2DEG > Λ
(C)
Dirac. (28b)
Note that the semi-analytical solution based on hyper-
geometric functions is in good agreement with the full
numerical result. Also, the T 2 thermal-enhancement pre-
dicted by the Sommerfeld expansion in Eq. (26) agrees
D
J
V0
z
x
y
FIG. 6. Schematic drawing of the space-charge-limited emis-
sion from 2D material field emitter.
well with the semi-analytical model up to ∼ 100 K.
The contrasting thermal-enhancement of FE current at
low- and at high-field regimes can be qualitatively ex-
plained by the Sommerfeld expansion in Eq. (26). As
both ∆J (NC)2DEG and ∆J (NC)Dirac are proportional to 1/dF , the
thermal-enhancement becomes severely quenched at ele-
vated electric field strength.
IV. ABSENCE OF SPACE-CHARGE-LIMITED
EMISSION IN 2D MATERIAL FIELD EMITTER
We now construct a general emission model – covering
both FE and SCL regims – through the combination of
FE models developed above and Poisson equation61. We
consider a planar vacuum diode composed of two large
area 2D-material-based electrodes as shown in Fig. 6. We
neglect the quantum SCL effect98–100 which is significant
in nanoscale vacuum gap when the electrode-separation is
comparable to the de Broglie wavelength of the emitted
electrons. We further neglect finite-temperature effect
since it produces only a small correction to the emission
current densities at high electric field regime as discussed
above. The electrostatic field distribution within the vac-
uum gap can be described by a 1D Poisson equation,
d2V (z)/dz2 = en(z, t)/0 = eJ /m0, where the emission
current density is J = n(z, t)ev⊥(z, t). The electron is
emitted along the z-direction. Here, 0 is the permittiv-
ity of free space and n(z, t) is the space charge density
in the vacuum gap. By a change of variable, z → t, and
the definition of v⊥ = dz/dt, the Poisson equation can
be transformed into the Llewellyn form61,
d2v⊥(t)
dt2
=
eJ
m0
, (29)
where the z-argument of v⊥ is suppressed for simplicity.
Integrating both sides with respect to t once and twice,
we obtain
v⊥(t) =
eJ
2mε0
t2 +
e
mF
t, (30a)
x(t) =
eJ
6mε0
t3 +
eE
2m
t2. (30b)
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The boundary values of Eq. (30) are: x(t0) = D,
v⊥(t0) =
√
2eV0/m where t0 is the transit time for emit-
ted electron to travel across the cathode-anode distance
of D, v⊥(t0) =
√
2eV0/m is the final velocity of the emit-
ted electron in reaching the anode and V0 is the bias
voltage. Using these boundary values, Eq. (30) becomes
V0 =
eJ
2mε0
t20 +
e
mF
t0, (31a)
D =
eJ
6mε0
t30 +
eF
2m
t20. (31b)
Note that at large J , Eqs. (31a) and (31b) can be simul-
taneously solved to give the CL law,
JCL =
4ε0
9
√
2e
m
V
3/2
0
D2
, (32)
which is a universal relation independent of the emitter
material properties.
Equation (31a) can be solved in a dimensionless form
to yield t¯ = ξF¯ /J¯ where ξ = −1 +
√
1 + 2
√
2V¯ F¯ 2/J¯ .
The term ξ can be rearranged to give an expression of V¯ ,
V¯ =
F¯ 4
8J¯2
[
(ξ + 1)
2 − 1
]2
. (33)
In deriving Eq. (33), we have defined the following di-
mensionless term: t¯ = t0/τ0, F¯ = F/F0, J¯ = J /J0,
and V¯ = V0/U0 where the normalization factors are
τ0 = 0F0/J0, F0 = 4
√
2mΦ
3/2
B /3~e, D0 = eF0τ20 /m
and U0 = F0D0. The definition of J0 is dependent on
the explicit forms of J [see Eqs. (36) and (37) below].
Equation (31b) can be analytically solved as
ξ = h(p) + h(p)−1 − 1, (34)
where
h(p) ≡
(√(p
2
)2
− p+ p
2
− 1
)1/3
, (35)
and p ≡ 6D¯J¯ /F¯ 3. The value of ξ is dependent on the
form of the dimensionless FE current densities, J¯ . We
cast Eqs. (14b) and (17) into the dimensionless form of
J¯ (F¯ ) ≡ J (F )/J0, where
J¯ (C)2DEG(F¯ )
J¯ (C)Dirac(F¯ )
J¯ (NC)2DEG(F¯ )
J¯ (NC)Dirac (F¯ )
 =

e−
ε¯F
F¯
e−
ε¯F
F¯
λF¯Λ1
(
ε¯F
F¯
)
λF¯ 2Λ2
(
ε¯F
F¯
)
 exp
(
− 1
F¯
)
, (36)
and the normalization factors, J0’s, are given as,
J (C)0,2DEG
J (C)0,Dirac
J (NC)0,2DEG
J (NC)0,Dirac
 = gs,ve2pi~2 v(ε˜⊥)L⊥

m∗εF
ε2F
2v2F
2m∗ΦB
3(
2ΦB
3vF
)2
 . (37)
Here, ε¯F ≡ 3εF /2ΦB , Λ1(x) ≡ 1− e−x and Λ2(x) ≡ x+
e−x− 1. In Tables I and II, we summarize the numerical
values of J0, D0 and V0 with εF = 0.075 eV.
The J¯ -V¯ characteristics can be solved by coupling J¯
[Eq. (36)] with V¯ [Eq. (33)] via the solution of ξ [Eq.
(34)]. Before presenting the general J¯ -V¯ characteristics,
we first consider two asymptotic limits of ξ → 0 and
ξ →∞ where ξ approaches the following relations,
lim
ξ→0
ξ = J¯
√
6D¯
3F¯ 3
, (38a)
lim
ξ→∞
ξ =
(
6D¯J¯ 2)1/3
F¯
. (38b)
Correspondingly, V¯ in Eq. (33) becomes
V¯ (ξ → 0) ≈ F¯
4
2J¯ 2 ξ
2, (39a)
V¯ (ξ →∞) ≈ F¯
4
8J¯ 2 ξ
4. (39b)
By combining Eqs. (38a) and (39a), we obtain F¯ = V¯ /D¯
at the ξ → 0 limit, i.e. the J¯ -V¯ characteristics can be
obtained straightforwardly from Eq. (36) by substituting
F¯ → V¯ /D¯. This simply recovers the FE J¯ -V¯ character-
istics as,
lim
ξ→0

J¯ (C)?2DEG(V¯ )
J¯ (C)?Dirac(V¯ )
J¯ (NC)?2DEG(V¯ )
J¯ (NC)?Dirac(V¯ )
 =

e−
ε¯F D¯
V¯
e−
ε¯F D¯
V¯
λ V¯
D¯
Λ1
(
εF D¯
V¯
)
λ V¯
2
D¯2
Λ2
(
εF D¯
V¯
)
 exp
(
−D¯
V¯
)
.
(40)
In the limit of ξ → ∞, the combination of Eqs. (38b)
and (39b) yields
lim
ξ→∞
J¯CL(V¯ ) = 2
√
2
3
V¯ 3/2
D¯2
, (41)
which is the dimensionless form of the CL law [see Eq.
(32)].
In Figs. 7, the J¯ -V¯ curves of CLM [Figs. 7(a) and (b)]
and NCLM [Figs. 7(c) and (d)] models are plotted by si-
multaneously solving Eqs. (33), (34) and (36). Three
vacuum gap distances are used: 0.1 µm, 0.5 µm and 1
µm. The Fermi level is set to εF = 0.075 eV. At small
V¯ , the J¯ (C) increases approximately exponentially with
V¯ as a result of the field-induced quantum tunneling.
The J¯ (C)-V¯ curves shift towards the SCL limit (dashed
curve in Fig. 7) as V¯ increases due to the building up of
space charge in the vacuum gap. However, when V¯ is fur-
ther increased, the J¯ (C) curves reach a plateau without
dwelling into the full SCL regime. This peculiar absence
of full SCL flow can be explained by the saturated emis-
sion, which is a source-limited mechanism. At sufficiently
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TABLE I. Numerical values of the normalization constant for CLM model evaluated at ΦB0 = 4.5 eV and εF = 0.075 eV.
Normalization constant J (C)0,2DEG (A/m2) J (C)0,Dirac (A/m2) D(C)0,2DEG (m) D(C)0,Dirac (m) U (C)0,2DEG (V) U (C)0,Dirac (m)
Numerical value 1.65× 1013 8.86× 1012 1.30× 10−5 4.52× 10−5 8.28 ×105 2.87× 106
TABLE II. Numerical values of the normalization constant for NCLM model evaluated at ΦB0 = 4.5 eV and εF = 0.075 eV.
Normalization constant J (NC)0,2DEG (A/m2) J (NC)0,Dirac (A/m2) D(NC)0,2DEG (m) D(NC)0,Dirac (m) U (NC)0,2DEG (V) U (NC)0,Dirac (m)
Numerical value 6.49× 1014 2.74× 1016 8.42× 10−9 4.72× 10−12 535 0.30
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FIG. 7. Dimensionless J¯ -V¯ characteristics in the presence of space-charge. (a) and (b) show the CLM current-voltage
characteristics of parabolic and linear lateral energy dispersion, respectively. (c) and (d) show the NCLM counterpart of
(a) and (b), respectively. The red dashed line represents the universal SCL limit and the dash-dotted lines represents the
saturated emission limit (labeled as ‘S-SFE’), i.e. J¯ (NC)DiracD¯2 = ε¯2F D¯2/2 and J¯ (NC)2DEGD¯2 = ε¯F D¯2. The Fermi level is set to
εF = 0.075 eV. Note that the SCL limits in (c) and (d) are down-shifted by a factor of 10
−4.
high voltage, the emission current densities saturated. In
this case, the 2D-material-based cathode fails to supply
the required magnitude of charge current to establish a
full SCL flow. This leads to a remarkable consequence:
SCL emission is completely absent in 2D-material-based
vacuum diode at nanometer and micrometer scales, with
practical bias voltage range of V < 1 kV.
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FIG. 8. Absence of space-charge-limited (SCL) emission in 2D material surface field emission. The η’s are plotted as a function
of V¯ at D = [0.1, 1, 10, 100] µm with εF = 0.075 eV. (a) CLM model with parabolic-ε‖; (b) CLM model with linear-ε‖. (c) and
(d): same as (a) and (b) for NCLM models. In all cases, η < 1 suggests that full SCL emission is absent in 2D material field
emitter.
The strength of SCL effect can be quantified by the
ratio, η ≡ J¯ (V¯ )/J¯CL(V¯ ), where η = 1 signifies the onset
of full SCL flow. In Fig. 8, the η’s of CLM and NCLM
models are plotted for ten values of D ranging from 0.1
µm to 100 µm. The η curves briefly peak and decline
due to the onset of saturated emission. For CLM mod-
els, the maximum η with D = 1 µm are found to be
η
(C)
2DEG ≈ 0.26 and η(C)Dirac ≈ 0.085 [Figs. 8(a) and (b)],
thus suggesting only a maximal of 26% and 8.5% of the
SCL limit is achievable in 2D material with parabolic and
linear lateral energy dispersion, respectively. This sup-
pression is even more dramatic for NCLM models [Figs.
8(c) and (d)] in which the maximum η are in the order of
η(NC) ∼ 10−5 for both types of lateral energy dispersions.
This negligibly small magnitude of η  1 suggests that
SCL flow is practically absent if the SFE process does
not conserve lateral momentum. Even for a vacuum gap
size of 100 µm which requires an exceedingly large bias
voltage of V > 106 V, the CLM model can maximally
achieve η
(C)
2DEG ≈ 0.80 and η(C)Dirac ≈ 0.50. The onset of
full SCL emission remains out of reach. In calculating
η(NC), we have estimated λ = 10−4. By tuning to the
NCLM process to the unrealistic full-strength value of
λ = 1, we have η
(NC)
2DEG ≈ 0.70 and η(NC)Dirac ≈ 0.50, which
are still fractions of the full SCL limit.
We now estimate the value of bias voltage at which
the saturated emission current density can be observed
experimentally. The onset of the saturated emission can
be estimated from Fig. 8 as the bias voltage at which
the η curve peaks. For CLM models with D = 0.1 µm,
the onset of saturated emission occurs at V¯
(C)
2DEG & 0.02
and V¯
(C)
Dirac & 0.002 [Figs. 8(a) and (b)]. Consider a
conservative value of field enhancement factor of bF = 20,
we obtain V
(C)
2DEG & 830 V and V
(C)
Dirac & 280 V in SI
unit. For NCLM models, the onset of saturated emission
occurs at V¯
(NC)
2DEG & 10 and V¯
(NC)
Dirac & 104 [Figs. 8(c) and
(d)], which correspond to V
(NC)
2DEG & 270 V and V
(NC)
Dirac &
150 V. These values are well within the achievable voltage
range in experiments. Thus, the saturated emission and
the absence of SCL flow shall be observable in monolayer
and bilayer graphene surface field emitters.
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V. DISCUSSION
A. Physical interpretation of the ‘time’-like
parameter in Sinha-Lee’s ‘time’-constant-based
thermionic emission model
We now discuss the relation between the generalized
formalism for 2D material electron emission developed
above and Sinha-Lee’s ‘time’-constant-based TE model
for graphene26. We shall show that our model can recover
the physical meaning of the arbitrarily-defined ‘time’-
parameter, namely τ , in Sinha-Lee’s model.
In Sinha-Lee’s model, the ε⊥-integral in the emission
current density equation is replaced by the ‘time’-like pa-
rameter, τ , i.e.
JSH =
e
τ
∫
DDirac(ε‖)Θ(ε‖ − ΦB)f(ε‖)dε‖
=
1
τ
gs,ve
2pi~2v2F
(kBT )
2
[
1 +
ΦB
kBT
]
exp
(
−ΦB − εF
kBT
)
(42)
In obtaining Eq. (42), the over-barrier transmission
probability is assumed to take the form of T (ε‖) =
Θ(ε‖−ΦB). This ε‖-dependent transmission probability,
rather than ε⊥-dependent one, immediately suggests that
the Sinha-Lee TE model belongs to the class of NCLM
model. The physical interpretation of τ remains fuzzy in
this model. As τ carries the physical dimension of time,
it is hypothesized that it represents the time scale of how
fast electrons are extracted from graphene surface.
Here, based on the NCLM model developed in Eq.
(12b), a concrete physical meaning of τ can be recov-
ered. By using the standard TE approximations of
T (ε‖) ≈ Θ(ε‖ − ΦB) and f(ε‖) ≈ exp
[(
ε‖ − εF
)
/kBT
]
,
the NCLM model of graphene TE can be solved as
J
(NC)
Dirac = λ
ev(ε˜⊥)
L⊥
∫ ∞
ΦB
DDirac(ε‖) exp
(
−ε‖ − εF
kBT
)
dε‖
= λ
v(ε˜⊥)
L⊥
gs,ve
2pi~2v2F
(kBT )
2
[
1 +
ΦB
kBT
]
× exp
(
−ε‖ − εF
kBT
)
(43)
By equating Eqs. (42) and (43), we can write the ‘time’-
like parameter in terms of physical terms, i.e.
τ =
L⊥
λv(ε˜⊥)
(44)
Here, the physics of τ becomes apparent: τ is directly re-
lated to the strength of NCLM process, the 2D material
thickness and the out-of-plane bound state electron ve-
locity. This suggests that interpreting τ as the time scale
of how fast electrons are extracted from the thermionic
emitter is not appropriate since L⊥ is the 2D material
thickness rather than the separation between the elec-
tron emitter and the collector. Using L⊥ = 0.335 nm,
ε˜⊥ = 38.3 eV, v(ε˜⊥) =
√
2ε˜⊥/m = 3.67 × 106 m/s and
setting the NCLM process to the full strength of λ = 1,
the lower limit of τ can be predicted as τmin ≈ 0.091 fs.
The value of τ varies depending on the quality of
the interface. For graphene/silicon and graphene/Pd
contacts, the experimentally extracted τ ’s are 46.2 ps
and 0.13 ps, respectively26. These values correspond to
λ ≈ 1.87×10−6 and λ ≈ 6.64×10−4, respectively. In the
above sections, we choose λ = 10−4 in the calculation of
NCLM emission models. Note that even in the case of
unrealistic λ = 1, the unconventional saturated emission
and the absence of full SCL flow reported in this work
remain robust. Such effects becomes even more profound
for smaller value of λ < 10−4.
B. Summary and outlooks
For the ease-of-use of the models developed above in
the analysis of experimental data, we summarize in Ta-
ble III the field-induced surface electron emission mod-
els in empirical forms where only the F -dependences are
explicitly shown. We note that the model can be fur-
ther improved, for example, by using the exact expression
of the triangular barrier tunneling probability, including
the image potential and generalization of the model to
include thermionic contributions12,13,15,16. Nonetheless,
we expect these refinements to only quantitatively alter
the results. The dimensionality-induced saturated emis-
sion and the strong suppression of SCL electron flow shall
qualitatively remains the same. Finally, we remark that
although the two versions of vertical emission models de-
veloped above, i.e. with and without lateral momentum
conservation, exhibit different forms in general, they both
converge to the same unconventional scaling relation of
log(J) ∝ 1/F at high field. This suggests that the modi-
fied FN-plot in Eq. (15) shall be universally applicable to
the cases of both conversing and non-conserving lateral
momentum. Further experimental and ab initio compu-
tational works are required to pin down the mechanism
(i.e. CLM or NCLM) underlying the field-induced verti-
cal electron emission from the surface of 2D materials.
VI. CONCLUSION
In conclusion, we have developed analytical and semi-
analytical models of field-induced vertical electron emis-
sion from the surface of 2D materials by explicitly taking
into account the reduced dimensionality, non-parabolic
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TABLE III. CLM and NCLM models of surface electron field emission from 2D materials in the empirical forms. The terms
A, B and C are independent of electric field strength, F .
Model Lateral energy dispersion (ε‖) Empirical form Full expression
FN Law Parabolic JFN = CF 2 exp
(− B
F
)
Eq. (1b)
CLM parabolic J (C)2DEG = C exp
(− B
F
)
Eq. (14a)
linear J (C)Dirac = C exp
(− B
F
)
Eq. (14b)
NCLM Parabolic J (NC)2DEG = CF
[
1− exp (−A
F
)]
exp
(− B
F
)
Eq. (17a)
Linear J (NC)Dirac = CF 2
[A
F
− 1 + exp (−A
F
)]
exp
(− B
F
)
Eq. (17b)
(Low-field regime) Parabolic J (NC)2DEG = CF exp
(− B
F
)
Eq. (18a)
Linear J (NC)Dirac = CF exp
(− B
F
)
Eq. (18b)
(High-field regime) Parabolic J (NC)2DEG = C exp
(− B
F
)
Eq. (20a)
Linear J (NC)Dirac = C exp
(− B
F
)
Eq. (20b)
energy dispersion, non-conservation of the lateral mo-
mentum, finite-temperature and space-charge-limited ef-
fects. Our proposed models are more consistent with the
physical properties of 2D-material-based field emitter,
which are emerging rapidly in the past decade. We show
that the conventional Fowler-Nordheim paradigm for 3D-
bulk-material-based field emitter is no longer valid for 2D
materials and it should be replaced by the modified mod-
els developed above. The reduced-dimensionality of 2D
material leads to the occurrence of saturated emission
and the strong suppression of space-charge-limited elec-
tron flow in nanometer-and micrometer-scale vacuum de-
vices. The generalized 2D material field emission models
can be readily applied to describe the charge transport
physics in 2D-material-based electrical contact, which
is crucially important in the design and engineering of
2D-material-based nanoelectronic and optoelectronic de-
vices, and will be discussed in a separate work.
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